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We study accelerating relativistic reference frames in Minkowski space-time under the harmonic
gauge. It is well-known that the harmonic gauge imposes constraints on the components of the metric
tensor and also on the functional form of admissible coordinate transformations. These two sets of
constraints are equivalent and represent the dual nature of the harmonic gauge. We explore this
duality and show that the harmonic gauge allows presenting an accelerated metric in an elegant form
that depends only on two harmonic potentials. It also allows reconstruction of the spatial structure
of the post-Galilean coordinate transformation functions relating inertial and accelerating frames.
The remaining temporal dependence of these functions together with corresponding equations of
motion are determined from dynamical conditions, obtained by constructing the relativistic proper
reference frame of an accelerated test particle. In this frame, the effect of external forces acting
on the observer is balanced by the fictitious frame-reaction force that is needed to keep the test
particle at rest with respect to the frame, conserving its relativistic linear momentum. We find that
this approach is sufficient to determine all the terms of the coordinate transformation. The same
method is then used to develop the inverse transformations. The resulting post-Galilean coordinate
transformations extend the Poincare´ group on the case of accelerating observers. We present and
discuss the resulting coordinate transformations, relativistic equations of motion, and the structure
of the metric tensors corresponding to the relativistic reference frames involved.
PACS numbers: 03.30.+p, 04.25.Nx, 04.80.-y, 06.30.Gv, 95.10.Eg, 95.10.Jk, 95.55.Pe
I. INTRODUCTION
Most modern precision physics experiments are conducted in non-inertial reference frames corresponding to either
the surface of the rotating Earth or an accelerating spacecraft [1, 2]. Quite often, in addition to special precautions
aimed at reducing the ambient non-gravitational acceleration noise, one also needs to develop a relativistic treatment
of all the observable quantities. Unfortunately, there is no general agreement on how to approach these problems in
a relativistic manner. For instance, the treatment advocated in [3–5] is incompatible with most of the methods of
relativistic reference frames [6–13] and also is inadequate from the practical standpoint involving the transformation
between the experimental (accelerated) and laboratory (inertial) frames. In general, it is not clear how to write a
suitable explicit form of the metric tensor of the accelerated reference frame and construct coordinate transformations
between the inertial and accelerated frames, especially when high accuracy is required.
Within the realm of special theory of relativity, to describe the dynamics, one uses the relativistic mechanics of
Poincare´ which uses the Lorentz transformations to describe physical process in various inertial reference frames:
t′ = γ
(
t+
v0 · r
c2
)
, r′ = r+ γv0t+ (γ − 1)v0(v0 · r)
v20
, γ =
(
1− v
2
0
c2
)− 1
2
. (1)
Note that the transformations inverse to those of (1) are obtained by simply replacing (t′, r′)→ (t, r) and the velocity
v0 → −v0. The Lorentz transformations are well suited to study the case of uniform motion with constant velocity.
However, while analyzing experimental data one often has to deal with acceleration and dynamical noise whose
presence limits the practical applicability of these results. To address the presence of acceleration, for each instant
of time one can use (1) to conceptually define a set of instantaneous quasi-inertial reference frames. Although useful
conceptually, this approach is insufficient in practice as it leads to a decreased precision on larger time scales.
When the Riemannian geometry of general theory of relativity is concerned, it is well known that coordinate charts
are merely labels. Usually, space-time coordinates have no direct physical meaning and it is essential to construct
the observables as coordinate-independent quantities. Thus, in order to interpret the results of observations or
experiments, one picks a specific coordinate system, chosen for the sake of convenience and calculational expediency,
formulates a coordinate picture of the measurement procedure, and then one derives the observable out of it. It is
also known that an ill-defined reference frame may lead to appearance of non-physical terms that may significantly
complicate the interpretation of the data collected [6]. Therefore, in practical problems involving relativistic reference
frames, choosing the right coordinate system with clearly understood properties is of paramount importance, even as
one recognizes that in principle, all (non-degenerate) coordinate systems are created equal [15].
2Modern theories of relativistic reference frames [6–13], dealing predominantly with the general theory of relativity,
usually take the following approach: As a rule, before solving gravitational field equations, four restrictions (coordinate
or gauge conditions) are imposed on the components of the Riemannian1 metric gmn. These conditions extract a
particular subset from an infinite set of space-time coordinates. Within this subset, the coordinates are linked by
smooth differentiable transformations that do not change the coordinate conditions that were imposed. A set of
differential coordinate conditions used in leading theories of relativistic reference systems, such as that recommended
by the International Astronomical Union (see, for instance [15]), are the harmonic gauge conditions. The harmonic
gauge has a very prominent role in gravitational physics, starting with the work of Fock [16]. In addition, a set of
specific conditions designed to fix a particular reference frame is added to eliminate most of the remaining degrees of
freedom, yielding an explicit form for the coordinate system associated with either inertial or accelerating frames.
In the present paper we introduce a new method for deriving the metric associated with the proper reference
frame of an accelerated observer. To constrain the available degrees of freedom, we will also use the harmonic gauge.
An argument in favor of choosing the harmonic gauge is that tremendous work in general relativity has been done
with this gauge, which was found to be a simplifying and useful gauge for many kinds applications [15]. Using the
harmonic gauge, we develop the structure of both the direct and inverse coordinate transformations between inertial
and accelerated reference frames. Such mutual transformations are not fully treated in the current literature, since
usually either the direct [7, 15] or the inverse [12] transformation is developed, but not both at the same time. The
method presented in this paper could help to generalize contemporary theories of relativistic reference frames and
to allow one to deal naturally with both transformations and relevant equations of motion in a unified formalism.
Finally, the method presented here does not rely on a particular theory of gravitation; instead, it uses the covariant
coordinate transformations to explore the dynamics in Minkowski space-time from a general perspective. Thus, any
description from the standpoint of a metric theory of gravity must yield our results in the special relativistic limit.
We begin our discussion in Section II by generalizing the Lorentz transformations (1) to the case of accelerated
motion. This generalization can be done in the form of a slow motion approximation that admits expansion of all
the quantities involved in the form of power series. This task is accomplished by introducing acceleration-dependent
terms in the coordinate transformations. The resulting transformation is given in a general form that relies on a set
of functions that are precisely determined in the subsequent sections.
The local coordinate system of an accelerated observer is not unique. We use the harmonic gauge to constrain
the set of coordinates chosen in the accelerated reference frame. We carry out this task in Section III and determine
the metric tensor describing the accelerated reference frame and the structure of the coordinate transformations that
satisfy the harmonic gauge conditions. We observe that the metric in the accelerated frame has an elegant form that
depends only on two harmonic potentials, which yield a powerful tool that allows reconstruction of the spatial part
of the structure of the post-Galilean coordinate transformation functions between inertial and accelerating frames.
To fix the remaining degrees of freedom and to specify the proper reference frame of an accelerated observer,
we introduce a set of dynamical conditions in Section IV. Specifically, we require that the relativistic linear three-
momentum of the accelerated observer in its proper reference frame to be conserved. This conservation leads to fixing
the time-like coordinate in the accelerating frame, which allows to fix uniquely all the remaining terms.
A similar approach can also be carried out in reverse, establishing coordinate transformation rules from an acceler-
ating to an inertial reference frame, which is done in Sec. V. Key to the approach presented in this section is the use of
the contravariant metric for the accelerating frame, which leads in a straightforward manner to the inverse Jacobian
matrix. This allows us to present the inverse transformations, in which the roles of the inertial and accelerating
coordinates are reversed. The calculations are formally very similar to those presented in Secs. III and IV, thus, to
avoid repetitiveness, we show only the main results.
We conclude by discussing these results and presenting our recommendations for future research in Section VI. We
also show the correspondence between our results and those obtained previously by other authors.
II. POST-GALILEAN COORDINATE TRANSFORMATIONS AND BOOKKEEPING
To describe the dynamics of the N -body problem one usually introduces N + 1 reference frames with their own
coordinate charts. We need one global coordinate chart defined for the inertial reference frame that covers the entire
1 The notational conventions employed here are those used by Landau and Lifshitz [14]: Letters from the second half of the Latin alphabet,
m,n, ... = 0...3 denote space-time indices. Greek letters α, β, ... = 1...3 denote spatial indices. The metric γmn is that of Minkowski
space-time with γmn = diag(+1,−1,−1,−1) in the Cartesian representation. The coordinates are formed such that (ct, r) = (x0, xα),
where c is the velocity of light. We employ the Einstein summation convention with indices being lowered or raised using γmn.
3system under consideration. In the immediate vicinity of each of the N bodies in the system we can also introduce a
set of local coordinates defined in the frame associated with this body. In the remainder of this paper, we use {xm} to
represent the coordinates of the global inertial frame and {ym} to be the local coordinates of the accelerated frame.
The most general post-Galilean form of a finite transformation between the coordinates of inertial {xm} and
accelerating {ym} dynamically non-rotating reference frames, may be given in the following form [17]:
x0 = y0 + c−2K(y0, yǫ) + c−4L(y0, yǫ) +O(c−6), (2)
xµ = yµ + zµ0 (y
0) + c−2Qµ(y0, yǫ) +O(c−4), (3)
where zµ0 is the Galilean vector connecting the spatial origins of two dynamically non-rotating frames, and we introduce
the post-Galilean vector xµ0 (y
0) connecting the spatial origins of the two frames
xµ0 (y
0) = zµ0 + c
−2Qµ(y0, 0) +O(c−4). (4)
The functions K,L and Qµ are yet unknown. It is anticipated that these functions depend only on the relative motion
between the reference frames involved. Our objective is to construct an explicit form of the proper reference frame of
the accelerating observer by determining the explicit functional form of the coordinate transformation functions K,L
and Qµ. We shall refer to this approach as the KLQ-formalism for relativistic reference frames.
In this formulation, we use the dimensioned parameter c−1 as a bookkeeping device for order terms. For instance,
when we write c−2K in Eq. (2) above, this implies that the function K is of order v2y0 with v ≪ c being the
characteristic velocity of an observer; hence, c−2K is of order (v/c)2y0, which remains small relative to y0. Similarly,
c−4L ∼ (v/c)4y0 and c−2Qµ ∼ (v/c)2yµ. Specifically, in the no-acceleration limit, Eqs. (2)–(3) should reduce to the
Lorentz transformations given by Eqs. (1), which can be written in approximate form as:
x0 =
(
1 +
v20
2c2
+
3v40
8c4
)
y0 +
(
1 +
v20
2c2
) (v0 · y)
c
+O (c−6) , (5)
x = y +
(
1 +
v20
2c2
)
v0c
−1y0 +
v0(v0 · y)
2c2
+O (c−4) , (6)
corresponding to the following set of KLQ coordinate transformation functions: K0 = 12v20y0+c(v0 ·y)+O(c−4), L0 =
3
8v
4
0y
0+ 12v
2
0c(v0 ·y) +O(c−2), Qα0 = 12v0(v0 · y) + 12v20v0c−1y0+O(c−2), with zµ0 = v0c−1y0. These approximations
remain valid so long as yµ/y0 ≪ v0/c, a condition that is naturally satisfied along the world-line yµ = 0.
The coordinate transformation rules for the general coordinate transformations above are easy to obtain and express
in the form of the Jacobian matrix ∂xm/∂yn. From Eqs. (2)–(3), we get:
∂x0
∂y0
= 1 + c−2
∂K
∂y0
+ c−4
∂L
∂y0
+O(c−6), ∂x
0
∂yν
= c−2
∂K
∂yν
+ c−4
∂L
∂yν
+O(c−5), (7)
∂xµ
∂y0
=
vµ0
c
+ c−2
∂Qµ
∂y0
+O(c−5), ∂x
µ
∂yν
= δµν + c
−2 ∂Qµ
∂yν
+O(c−4), (8)
where vǫ0 = z˙
ǫ
0 ≡ cdzǫ0/dy0 is the time-dependent relative velocity between the two frames.
The transformations given by Eqs. (2)–(3) must be smooth and the corresponding Jacobian matrix ∂xm/∂yn must
be non-singular, i.e., its determinant must be nonvanishing2:
det
(∂xm
∂yn
)
= 1 + c−2
( ∂K
∂y0
+ v0ǫv
ǫ
0 +
∂Qµ
∂yµ
)
+O(c−4) 6= 0, (9)
which guarantees the existence of inverse transformations, discussed in Sec. V.
2 We can find an upper limit for the distances at which the condition (9) remains valid. With the help of Eqs. (32)–(33) and the solution
for the function K given by (97) below, we can present Eq. (9) as
det
(∂xm
∂yn
)
= 1−
2
c2
( ∂K
∂y0
+ 1
2
v0ǫv
ǫ
0
)
+O(c−4) = 1 +
2
c2
(
(aǫy
ǫ)− ϕ0
)
+O(c−4).
Therefore, the transformations (2)–(3) are non-singular up to the distances from the world-line that satisfy the following condition
y . (c2 − 2ϕ0)/(2a0). Note that, for any realistic scenario, this condition is not violated on solar system scales [11].
4To establish the form of the metric tensor in the moving frame, we apply the usual tensor transformation rule:
ηmn(y) =
∂xk
∂ym
∂xl
∂yn
γkl(x(y)), (10)
which, together with Eqs. (7)–(8), allows us to compute the metric components in the arbitrarily moving frame:
η00(y) = 1 +
2
c2
{ ∂K
∂y0
+ 12v0ǫv
ǫ
0
}
+
2
c4
{ ∂L
∂y0
+ cv0ǫ
∂Qǫa
∂y0
+ 12
( ∂K
∂y0
)2}
+O(c−6), (11)
η0α(y) =
1
c
{1
c
∂K
∂yα
+ v0α
}
+
1
c3
{1
c
∂L
∂yα
+ cγαǫ
∂Qǫ
∂y0
+ v0λ
∂Qλ
∂yα
+
1
c
∂K
∂yα
∂K
∂y0
}
+O(c−5), (12)
ηαβ(y) = γαβ +
1
c2
{1
c
∂K
∂yα
1
c
∂K
∂yβ
+ γαλ
∂Qλ
∂yβ
+ γβλ
∂Qλ
∂yα
}
+O(c−4). (13)
Eqs. (11)–(13) show the structure of the metric tensor of the Minkowski space-time in an arbitrarily moving reference
frame. The actual dependence of ηmn on the transformation functions (K,L,Qα) will be important to define the proper
relativistic reference frame of an accelerated observer under the harmonic gauge. This will be investigated next.
III. IMPOSING THE HARMONIC GAUGE CONDITIONS
The dynamical condition, i.e., the requirement that the spatial origin of the transformed system of coordinates
xm = f(ym) is to move along a specific world-line, does not uniquely define ym. The existence of this coordinate
freedom allows us to impose the harmonic (de Donder) gauge condition in the local frame3:
∂m
(√−ηηmn) = 0. (14)
The vanishing of the covariant derivative of the metric tensor allows us to present Eq. (14) in the following equivalent
form: ηklΓnkl(η) = 0. Remembering the transformation rules of the Christoffel symbols under general coordinate
transformations [14], one can verify that the latter equation is equivalent to imposing the harmonic conditions on the
transformation functions in Eqs. (2)–(3):
ηx
m = 0, (15)
where η = (
√−η)−1∂m(√−ηηmn∂n) denotes the covariant d’Alembertian, in this case acting on xm, which are
treated as individual scalar functions.
Therefore, on the one hand the harmonic gauge imposes restrictions on the partial derivatives of the metric tensor,
as seen in Eq. (14). On the other hand, it restricts the choice of admissible coordinate transformations only to those
that satisfy the harmonic equation (15). These two consequences of imposing the harmonic gauge will be used to
establish the structure that the metric tensor (11)–(13) must satisfy under the harmonic coordinate transformations
(2)–(3) and also to constrain the form of the transformation functions (K,L,Qα).
A. The form of the metric tensor in a moving frame
We require the proper reference frame of a moving observer to exhibit no rotation or shear of its coordinate axes.
The components of the metric tensor ηmn that satisfy these requirements under the harmonic gauge conditions (14)
must, therefore, satisfy the following set of partial differential equations
η
[1]
0α = O(c−4), (16)
1
2
c∂0
{
η
[2]
00 − γǫλη[2]ǫλ
}
+ ∂νη
[3]
0ν = O(c−2), (17)
∂β
{
η
[2]
αβ −
1
2
γαβ
(
η
[2]
00 + γ
ǫλη
[2]
ǫλ
)}
= O(c−2). (18)
3 In Secs. III and IV, when convenient and unambiguous, we shall use the abbreviated form of the partial derivative operator to represent
partial derivatives with respect to {ym}: ∂m = ∂/∂ym.
5By formally integrating Eq. (18) and choosing the solution corresponding to a subset of the harmonic gauge with
spatially isotropic coordinates, we are led to the following form of the gauge conditions (16)–(18):
η
[1]
0α = O(c−4), (19)
2c∂0η
[2]
00 + ∂
νη
[3]
0ν = O(c−2), (20)
η
[2]
αβ + γαβη
[2]
00 = O(c−2). (21)
Eqs. (19)–(21) represent a set of harmonic conditions on the metric tensor ηmn given by Eqs. (11)–(13) in the coor-
dinates of a moving reference frame. This set of gauge conditions forms the foundation of our method of constructing
a proper reference frame of an arbitrarily moving observer. As a result, the metric representing space-time in the
moving frame may be presented in the following elegant isotropic form that depends only on two harmonic potentials:
η00(y) = 1− 2
c2
u(y) +
2
c4
u2(y) +O(c−6), (22)
η0α(y) = −γαλ 4
c3
uλ(y) +O(c−5), (23)
ηαβ(y) = γαβ + γαβ
2
c2
u(y) +O(c−4), (24)
where we introduced the scalar u(y) and the vector uα(y) potentials, defined as:
u(y) = − ∂K
∂y0
− 12v0ǫvǫ0 −
1
c2
{ ∂L
∂y0
+ cv0ǫ
∂Qǫ
∂y0
+ 12
( ∂K
∂y0
)2
−
( ∂K
∂y0
+ 12v0ǫv
ǫ
0
)2}
+O(c−4), (25)
uα(y) = − 14
{
γαǫ
1
c
∂L
∂yǫ
+ γαǫv0λ
∂Qλ
∂yǫ
+ c
∂Qα
∂y0
− vα0
∂K
∂y0
}
+O(c−2). (26)
It follows from Eq. (20) that these potentials satisfy the continuity equation:
c∂0u+ ∂ǫu
ǫ = O(c−2). (27)
With the help of Eqs. (29)–(33), derived in Sec. III B below, we can verify that the potentials u and uα satisfy the
following harmonic conditions:
yu = O(c−4), ∆yuα = O(c−2), (28)
where y = γ
mn∂m∂n = ∂
2
0 + ∆y and ∆y = γ
ǫλ∂ǫ∂λ are the flat-space d’Alembert and Laplace operators in local
{ym} coordinates.4 We shall use the term “harmonic metric tensor” to describe the metric tensor (22)–(24), expressed
in terms of the harmonic potentials u and uα, given by Eqs. (25) and (26), which satisfy Eqs. (27) and (28).
B. The form of the functions of the harmonic coordinate transformations
As discussed in Sec. III A, Eqs. (19) and (21) provide valuable constraints on the form of the metric tensor in a
moving frame. As a matter of fact, these equations provide two additional restrictions on K and Qα. It follows from
4 An interesting consequence of the solution for the potentials u and uα is the fact that this choice ensures that the induced inertial
space-time is flat, and thus, the Ricci tensor of this space-time vanishes, Rmn(η) = 0. This can be verified by a direct calculation of the
Ricci tensor Rmn with the metric ηmn given by Eqs. (22)–(24) and also by applying Eqs. (28):
R00 = y
{
c−2η
[2]
00 + c
−4
(
η
[4]
00 −
1
2
(η
[2]
00 )
2
)
+O(c−6)
}
= −
2
c2
y
{
u+O(c−4)
}
= O(c−6),
R0α = ∆y
{
c−3η
[3]
0α +O(c
−5)
}
= −γαλ
4
c3
∆y
{
uλ +O(c−2)
}
= O(c−5),
Rαβ = ∆y
{
c−2η
[2]
αβ
+O(c−4)
}
= γαβ
2
c2
∆y
{
u+O(c−2)
}
= O(c−4).
This observation regarding the potentials u and uα will be important in the case of gravitational dynamics of N-body systems, which
will be studied in a subsequent paper.
6Eqs. (19), (21) and the form of the metric tensor ηmn given by Eqs. (11)–(13) that these two functions must also
satisfy two first order partial differential equations:
1
c
∂K
∂yα
+ v0α = O(c−4), (29)
1
c
∂K
∂yα
1
c
∂K
∂yβ
+ γαλ
∂Qλ
∂yβ
+ γβλ
∂Qλ
∂yα
+ 2γαβ
( ∂K
∂y0
+ 12v0ǫv
ǫ
0
)
= O(c−2). (30)
We now explore the alternative form of the harmonic gauge given by Eq. (15). Substituting the coordinate transfor-
mations (2)–(3) into Eq. (15), we can see that the harmonic gauge conditions restrict the coordinate transformation
functions K,L and Qα such that they must satisfy the following set of second order partial differential equations:
γǫλ
∂2K
∂yǫ∂yλ
= O(c−4), (31)
c2
∂2K
∂y02
+ γǫλ
∂2L
∂yǫ∂yλ
= O(c−2), (32)
aα0 + γ
ǫλ ∂
2Qα
∂yǫ∂yλ
= O(c−2). (33)
The general solution to these elliptic-type equations for the functions K,L and Qα in Eqs. (31)–(33) consist of two
parts: a fundamental solution of the homogeneous Laplace equation and a particular solution of the inhomogeneous
Poisson equation (except for Eq. (31), which is homogeneous). These solutions can be written in the form of a Taylor
series expansion in terms of irreducible Cartesian tensors, which are symmetric and trace-free (STF) [18].
The two sets of partial differential equations for K,L and Qα given by Eqs. (29)–(30) and (31)–(33) can be used to
determine the general structure of these functions.
1. Determining the structure of K
The general solution to Eq. (31) with regular behavior on the world-line (i.e., omitting terms divergent when |y| → 0
or solutions not differentiable at |y| = 0) can be given in the following form:
K(y) = κ0 + κ0µyµ + δκ+O(c−4), where δκ =
∑
k≥2
1
k!
κµ1...µk(y
0)yµ1...yµk +O(c−4), (34)
with κµ1...µk(y
0) being STF tensors [18], which depend only on the timelike coordinate y0. Substituting this form of
the function K into equation (29), we the find solutions for κ0µ and κµ1...µk :
κ0µ = −cv0µ +O(c−4), κµ1...µk = O(c−4), k ≥ 2. (35)
As a result, the function K that satisfies the harmonic gauge conditions is determined to be
K(y) = κ0 − c(v0µyµ) +O(c−4). (36)
This expression completely fixes the spatial dependence of the function K, but still has an unknown dependence on
the timelike coordinate via the function κ0(y
0).
2. Determining the structure of Qα
The general solution for the function Qα that satisfies Eq. (33) may be presented as a sum of a solution of the
inhomogeneous Poisson equation and a solution of the homogeneous Laplace equation. Furthermore, the part of that
solution with regular behavior in the vicinity of the world-line may be given in the following form:
Qα(y) = qα0 + qα0µyµ + 12qα0µνyµyν + δξα +O(c−2), (37)
where qα0µν can be determined directly from Eq. (33) and the function δξ
α satisfies the Laplace equation
∆yδξ
α = O(c−2). (38)
7We can see that Eq. (33) can be used to determine qα0µν , but would leave the other terms in the equation unspecified.
To determine these terms, we use Eq. (30) together with Eq. (29), and get:
v0αv0β + γαλ
∂Qλ
∂yβ
+ γβλ
∂Qλ
∂yα
+ 2γαβ
( ∂K
∂y0
+ 12v0ǫv
ǫ
0
)
= O(c−2). (39)
Using the intermediate solution (36) for the function K in Eq. (39), we obtain the following equation for Qα:
v0αv0β + γαλ
∂Qλ
∂yβ
+ γβλ
∂Qλ
∂yα
+ 2γαβ
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0 − a0ǫyǫ
)
= O(c−2). (40)
A trial solution to Eq. (40) may be given in the following general from:
Qα = qα0 + c1vα0 v0ǫyǫ + c2v0ǫvǫ0yα + c3aα0 yǫyǫ + c4a0ǫyǫyα + c5
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)
yα + yǫω
ǫα
0 + δξ
µ(y), (41)
where qα0 and the antisymmetric matrix ω
αǫ
0 = −ωǫα0 are functions of the timelike coordinate y0; c1, ..., c5 are constants;
and δξµ(y), given by Eq. (38), is at least of third order in the spatial coordinates yµ, namely δξµ(y) ∝ O(|yµ|3). Direct
substitution of Eq. (41) into Eq. (40) results in the following unique solution for these coefficients:
c1 = −1
2
, c2 = 0, c3 = −1
2
, c4 = 1, c5 = −1. (42)
As a result, the function Qα has the following structure
Qα(y) = qα0 −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0 + γ
αǫ
(∂κ0
∂y0
+ 12v0λv
λ
0
))
yǫ + a0ǫ
(
yαyǫ − 12γαǫyλyλ
)
+ δξα(y), (43)
where qα0 and ω
αǫ
0 are yet to be determined.
By substituting (43) into (40), we see that the function δξα(y) in Eq. (43) must satisfy the equation:
∂αδξβ + ∂βδξα = O(c−2). (44)
We keep in mind that the function δξα(y) must also satisfy Eq. (38). The solution to the partial differential equation
(38) with regular behavior on the world-line (i.e., when |y| → 0) can be given in powers of yµ as
δξα(y) =
∑
k≥3
1
k!
δξα0µ1...µk(y
0)yµ1 ...yµk +O(|yµ|K) +O(c−2), (45)
where δξα0µ1...µk(y
0) being STF tensors that depend only on timelike coordinate. Using the solution (45) in Eq. (44),
we can see that δξα0µ1...µk is also antisymmetric with respect to the index α and any of the spatial indices µ1...µk.
Combination of these two conditions suggests that δξα0µ1...µk = 0 for all k ≥ 3, thus
δξα(y) = 0. (46)
Therefore, application of the harmonic gauge conditions leads to the following form of the function Qα:
Qα(y) = qα0 −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0 + γ
αǫ
(∂κ0
∂y0
+ 12v0λv
λ
0
))
yǫ + a0ǫ
(
yαyǫ − 12γαǫyλyλ
)
+O(c−2), (47)
where qα0 , ω
αǫ
0 and κ0 are yet to be determined.
3. Determining the structure of L
We now turn our attention to the second gauge condition on the temporal coordinate transformation, Eq. (32).
Using the intermediate solution (36) for the function K, we obtain the following equation for L:
γǫλ
∂2L
∂yǫ∂yλ
= −c2 ∂
2K
∂y02
+O(c−2) = c(v0ǫaǫ0 + a˙0ǫyǫ)− c2 ∂∂y0
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)
+O(c−2). (48)
8The general solution of Eq. (48) for L may be presented as a sum of a solution δL for the inhomogeneous Poisson
equation and a solution δL0 of the homogeneous Laplace equation. A trial solution of the inhomogeneous equation
to this equation, δL, is sought in the following form:
δL = ck1(v0ǫaǫ0)(yµyµ) + ck2(a˙0ǫyǫ)(yνyν)− k3c2
∂
∂y0
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)
(yνy
ν) +O(c−2), (49)
where k1, k2, k3 are some constants. Direct substitution of (49) into (48) yields the following values for the coefficients:
k1 =
1
6
, k2 =
1
10
, k3 =
1
6
. (50)
As a result, the solution for δL that satisfies the harmonic gauge conditions has the following form:
δL(y) = 16c
(
v0ǫa
ǫ
0
)
(yνy
ν) + 110c(a˙0ǫy
ǫ)(yνy
ν)− 16c2
∂
∂y0
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)
(yνy
ν) +O(c−2). (51)
The solution for the homogeneous equation (48) with regular behavior on the world-line (i.e., when |y| → 0) may
be presented as follows:
L0(y) = ℓ0(y0) + ℓ0λ(y0) yλ + 12ℓ0λµ(y0) yλyµ + δℓ(y), (52)
where ℓ0λµ is an STF tensor of second rank and δℓ is a function formed from similar STF tensors of higher order:
δℓ(y) =
∑
k≥3
1
k!
δℓ0µ1...µk(y
0)yµ1 ...yµk +O(|yµ|K). (53)
Finally, the general solution of Eq. (48) may be presented as a sum of the special solution δL of the inhomogeneous
equation and the solution L0 of the homogeneous equation ∆yL = 0. Therefore, the general solution for the gauge
equations for the function L(y) = L0 + δL has the following form:
L(y) = ℓ0 + ℓ0λ yλ + 12ℓ0λµ yλyµ + δℓ(y) +
+ 16c
(
v0ǫa
ǫ
0
)
(yνy
ν) + 110c(a˙0ǫy
ǫ)(yνy
ν)− 16c2
∂
∂y0
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)
(yνy
ν) +O(c−2). (54)
We have determined the structure of the transformation functions K,L, and Qα, which is imposed by the harmonic
gauge. Specifically, the harmonic structure for K is given by Eq. (36), the function Qα was determined to have the
structure given by Eq. (48), and the structure for L is given by Eq. (54). Note that the harmonic gauge conditions
allow us to reconstruct the structure of the functions only with respect to spatial coordinates yµ. The time-dependent
functions κ0, q
α
0 , ω
αǫ
0 , ℓ0, ℓ0λ, ℓ0λµ, and δℓ0µ1...µk cannot be determined from the gauge conditions alone. We need
to apply another set of conditions that would dynamically define the proper reference frame of a arbitrarily moving
observer, thereby fixing these time-dependent functions. This procedure will be discussed in the following section.
IV. DYNAMICAL CONDITIONS FOR A PROPER REFERENCE FRAME
An accelerating observer that remains at rest with respect to an accelerating frame does so because of the balance
between an external (physical) force that causes the observer to accelerate and the fictitious frame-reaction force that
exists due to the choice of accelerating coordinates. The effects of both forces can be modeled in the form of an
appropriately chosen effective metric ηeffmn in the accelerating frame. In the case of complete balance, there will be no
net force acting on the observer with respect to this effective metric, allowing it to be at rest in what we shall call its
proper reference frame. The motion of the observer in this frame, then, will resemble a free fall that follows a geodesic
with respect to the metric ηeffmn. Thus, the observer’s ordinary relativistic linear three-momentum, calculated in the
accelerating frame and with respect to ηeffmn, should be conserved. We can explore these conditions by writing down
the Lagrangian of a test particle that represents the observer. By imposing further gauge conditions on the metric
ηeffmn, we find that it is possible to eliminate all the remaining unknown components of K, L and Qα.
9A. Representing an external force using a fictitious harmonic metric
We imagine an observer that remains at rest in the accelerating frame {ym}. We assume that this observer’s
acceleration bα is due to an external universal scalar potential that, in the vicinity of the observer’s world-line, admits
the following representation:
ϕ(y) = ϕ0 − (bǫyǫ), (55)
where ϕ0 = ϕ0(y
0) is the external background potential on the observer’s world-line and bα(y0) = −∂αϕ is the
external acceleration acting on the observer.
We incorporate the external potential into an effective metric, expressed in terms of ym. This allows us to use a
single metric to capture all physical processes occurring near the world-line: the external potential, ϕ(y), that exerts
the force accelerating the observer, and the frame potentials u and uα that generate a fictitious frame-reaction force
that balances the force due to the external potential, keeping the observer at rest with respect to the accelerating
frame. We shall denote this effective metric ηeffmn. At the Newtonian order (or up to O(c−4) in the ηeff00 component of
the metric), we can write ηeffmn by modifying the metric (22)–(24) as follows:
ds2 =
(
1− 2
c2
(
u(y) + ϕ(y)
)
+O(c−4)
)
(dy0)2 +O(c−3)dy0dyλ + (γǫλ +O(c−2))dyǫdyλ. (56)
In this metric, the potential ϕ is responsible for the external force and u is the inertial frame-reaction potential
characterizing the accelerating reference frame, as introduced in the previous section and yet unknown. If the forces
produced by the two potentials are equal to each other then a particle subject to the potential ϕ should not be
accelerating with respect to its proper accelerating reference frame. This is the basic idea behind the method of
formulating the dynamical conditions for a proper reference frame of an accelerated observer that we present below.
We can see that the line element Eq. (56) is valid only at the Newtonian level. To extend this metric to the
post-Newtonian level, first we write the acceleration as a sum of a Newtonian and post-Newtonian terms:
bα(y0) = b[0]α(y0) + c−2b[2]α(y0) +O(c−4). (57)
Furthermore, we impose the isotropic harmonic gauge condition on the resulting metric:
2c∂0η
[2]eff
00 + ∂
νη
[3]eff
0ν = O(c−2), (58)
η
[2]eff
αβ + γαβη
[2]eff
00 = O(c−2). (59)
This metric represents the combined contributions of the external force (introduced via bα) and the inertial or frame-
reaction force (introduced via u and uα) that affect the motion of our observer in the accelerating frame.
With the help of these equations we can reconstruct the general structure of the metric that corresponds to the
acceleration (57). It follows from Eq. (58) that the acceleration-induced contribution to the mixed-index components
of the harmonic and non-rotating metric η
[3]eff
0ν may be represented as
η
[3]eff
0α = −4γαλ
(
uλ(y)− 13 ϕ˙0yλ +O(y2)
)
+O(c−2), (60)
where ϕ˙0 = c∂0ϕ0. As we will be interested in the values of these potentials and their first spatial derivatives on the
observer’s world-line, we do not need an explicit form of the terms denoted by O(y2). Furthermore, Eq. (59) suggests
that the spatial component of the metric tensor η
[2]eff
αβ in harmonic coordinates has the form:
η
[2]eff
αβ = 2γαβ
(
u(y) + ϕ(y)
)
+O(c−2). (61)
The conditions (60)–(61) allow us to extend the metric (56) beyond the Newtonian level. In the fictitious metric
ηeffmn that is introduced to represent the combined effects of an external force and an accelerating frame, we must
combine the contributions of the external and the frame-reaction forces:
ηeff00 (y) = 1−
2
c2
(
u(y) + ϕ(y)
)
+
2
c4
((
u(y) + ϕ(y)
)2
+O(y2)
)
+O(c−6), (62)
ηeff0α(y) = −γαλ
4
c3
(
uλ(y)− 13 ϕ˙0yλ +O(y2)
)
+O(c−5), (63)
ηeffαβ(y) = γαβ + γαβ
2
c2
(
u(y) + ϕ(y)
)
+O(c−4). (64)
This metric represents accurately, at the post-Galilean level, the effects of an externally induced acceleration bα on
an observer in an accelerating frame characterized by u and uα, while also satisfying the harmonic gauge.
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B. Equation of motion of an accelerating observer
The metric tensor ηeffmn given by Eqs. (62)–(64) allows us to study the dynamics of an observer or test particle that
moves in response to the presence of the external force. The test particle Lagrangian Leff that corresponds to this
system can be obtained directly from the metric ηeffmn and written as [19]:
Leff = −mc2 ds
dy0
= −mc2
(
ηeffmn
dym
dy0
dyn
dy0
)1/2
=
= −mc2
{
1 + c−2
(
1
2vǫv
ǫ − u˜
)
+ c−4
(
1
2 u˜
2 − 18 (vǫvǫ)2 − 4vǫu˜ǫ + 32vǫvǫu˜+O(y2)
)
+O(c−6)
}
, (65)
where u˜ = u(y) + ϕ(y) + O(c−4) and u˜α = uα(y) − 13 ϕ˙0yα + O(c−2) are the combined scalar and vector potentials
that consist of the inertial potentials given by Eqs. (25), (26) representing the inertial frame-reaction potential, and
the potentials Eq. (55) combined with Eq. (57), representing the external force.
The Lagrangian (65) leads to the following equation of motion5:
c
d
dy0
{
vα
(
1 + c−2
(
3u˜− 12vǫvǫ
)
+O(c−4)
)}
=
= −∂αu˜
{
1− c−2
(
3
2vǫv
ǫ + u˜
)}
+
4
c2
c∂0u˜
α +
4
c2
vǫ
(
∂ǫu˜α − ∂αu˜ǫ
)
+
1
c2
O(y) +O(c−4). (66)
The condition that the test particle is to remain at rest with respect to the accelerating frame, then, amounts to
demanding that its ordinary linear momentum be conserved, i.e., that its total time derivative is to remain zero. In
other words, we require that there will be no forces acting on the observer in its proper reference frame or the right-
hand side of (66) vanishes on its world-line. We assume that the observer is located at the spatial origin, yα = 0. This
leads to the following equation, constructed from the right-hand side of (66) that is valid on the observer’s world-line:
{
− ∂αu˜
{
1− c−2
(
3
2vǫv
ǫ + u˜
)}
+
4
c2
c∂0u˜
α +
4
c2
vǫ
(
∂ǫu˜α − ∂αu˜ǫ
)
+
1
c2
O(y) +O(c−4)
}∣∣∣
|y|→0
= 0. (67)
We choose the coordinate system {ym} such that along the observer’s world-line the potentials u˜ and u˜α and their first
spatial derivatives vanish, so that the metric ηeffmn reduces to the Minkowski metric along the world-line. Therefore,
we require that the following relations involving the frame-reaction potentials u and uα hold along the world-line:
lim
|y|→0
u(y) = −ϕ0 +O(c−4), lim
|y|→0
∂βu(y) = bβ +O(c−4), (68)
lim
|y|→0
uα(y) = O(c−2), lim
|y|→0
∂βu
α(y) = 13δ
α
β ϕ˙0 +O(c−2). (69)
As we shall see in the next section, these conditions yield the equations needed to fix the time-like coordinate on the
observer’s world-line and to determine the explicit form of the coordinate transformation functions K,L and Qα.
C. Application of the dynamical conditions
Imposing the conditions (68)–(69) on the potentials u and uα, which are given by Eqs. (25)–(26), results in the
following set of partial differential equations set on the observer’s world-line:
u|y=0 + ϕ0 = ϕ0 −
∂κ0
∂y0
− 12v0ǫvǫ0 −
1
c2
{ ∂L
∂y0
+ cv0ǫ
∂Qǫ
∂y0
+ 12
(∂κ0
∂y0
)2
−
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)2}
= O(c−4), (70)
5 It can be shown that Eq. (66) is equivalent to the geodesic equation written with respect to the metric ηeffmn for the combined system of
external and frame-reaction forces. However, Eq. (66) has the advantage that it allows to separate relativistic quantities and to study
the motion of the system in a more straightforward way. Introducing this equation through the Lagrangian (65) offers us the opportunity
to identify unambiguously dynamical quantities, most notably the canonical and ordinary momenta. Indeed we note that the canonical
momentum is given by pαcan = ∂Leff/∂v
α = vα
(
1 + c−2
(
3u˜− 1
2
vǫvǫ
)
+O(c−4)
)
− 4c−2u˜α. In direct analogy with electromagnetism
[14], we note that the last term in this equation is an inerto-magnetic term; in contrast, the first group of terms corresponds to the test
particle’s ordinary (mechanical) momentum: pα = vα
(
1 + c−2
(
3u˜− 1
2
vǫvǫ
)
+O(c−4)
)
.
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∂βu|y=0 − bβ = a0β − b[0]β −
1
c2
{
b
[2]
β +
∂2L
∂yβ∂y0
+ cv0ǫ
∂2Qǫ
∂yβ∂y0
+ a0β
(∂κ0
∂y0
+ v0ǫv
ǫ
0
)}
= O(c−4), (71)
uα|y=0 = − 14
{
γαǫ
1
c
∂L
∂yǫ
+ c
∂Qα
∂y0
+ γαǫv0λ
∂Qλ
∂yǫ
− vα0
∂κ0
∂y0
}
= O(c−2), (72)
∂βuα|y=0 − 13γαβϕ˙0 = − 13γαβϕ˙0 − 14
{1
c
∂2L
∂yα∂yβ
+ cγαλ
∂2Qλ
∂y0∂yβ
+ v0λ
∂2Qλ
∂yα∂yβ
+ v0αa0β
}
= O(c−2). (73)
Eqs. (70)–(73) may be used to determine uniquely the form of the coordinate transformation functions K,L and
Qα. Indeed, from the first two equations above, (70) and (71), we immediately have:
ϕ0 − ∂κ0
∂y0
− 12v0ǫvǫ0 = O(c−4), (74)
aα0 = b
[0]α +O(c−4). (75)
Using Eq. (74) in Eq. (36), we can determine uniquely the function K:
K(y) =
∫ y0
y0
0
(
ϕ0 − 12v0ǫvǫ0
)
dy′0 − c(v0ǫyǫ) +O(c−4). (76)
Substituting this expression into Eq. (47) we can determine the function Qα:
Qα(y) = qα0 −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0 + γ
αǫϕ0
)
yǫ + a0ǫ
(
yαyǫ − 12γαǫyλyλ
)
+O(c−2). (77)
Finally, the general solution for the function L given by Eq. (54) now takes the following form:
L(y) = ℓ0 + ℓ0λ yλ + 12ℓ0λµ yλyµ + 16c
((
v0ǫa
ǫ
0
)− ϕ˙0
)
(yνy
ν) + 110c(a˙0ǫy
ǫ)(yνy
ν) + δℓ(y) +O(c−2). (78)
The next task is to find the remaining undetermined time-dependent functions present in Qα and L, as given by
Eqs. (77) and (78). To do this, we rewrite the remaining parts of Eqs. (70)–(73) as a system of partial differential
equations with respect to L, again set on the observer’s world-line:
∂L
∂y0
+ cv0ǫ
∂Qǫ
∂y0
+ 12
(∂κ0
∂y0
)2
−
(∂κ0
∂y0
+ 12v0ǫv
ǫ
0
)2
= O(c−2), (79)
∂2L
∂yβ∂y0
+ cv0ǫ
∂2Qǫ
∂yβ∂y0
+ a0β
(∂κ0
∂y0
+ v0ǫv
ǫ
0
)
= −b[2]β +O(c−2), (80)
γαǫ
1
c
∂L
∂yǫ
+ γαǫv0λ
∂Qλ
∂yǫ
+ c
∂Qα
∂y0
− vα0
∂κ0
∂y0
= O(c−2), (81)
1
c
∂2L
∂yα∂yβ
+ v0λ
∂2Qλ
∂yα∂yβ
+ cγαλ
∂2Qλ
∂y0∂yβ
+ v0αa0β = − 43γαβϕ˙0 +O(c−2). (82)
The equations above are may be used to determine the remaining unknown time-dependent functions ℓ0, ℓ0λ, ℓ0λµ, and
also qα0 and ω
αǫ
0 still present in the coordinate transformation functions. Thus, substituting the previously obtained
solutions for K and Qα, given by Eqs. (76) and (77), in Eq. (79) leads to the following solution for ℓ˙0:
1
c ℓ˙0 = −v0ǫq˙ǫ0 − 18 (v0ǫvǫ0)2 + 12 (v0ǫvǫ0)ϕ0 + 12ϕ20 +O(c−2). (83)
Next, Eq. (80) results in the equation for ℓ˙α0 :
1
c ℓ˙
α
0 = −b[2]α + 12vα0
(
v0ǫa
ǫ
0
)− v0ǫω˙αǫ0 + vα0 ϕ˙0 − aα0ϕ0 +O(c−2). (84)
From Eq. (81) we can determine ℓα0 :
1
c ℓ
α
0 = −q˙α0 − v0ǫ ωαǫ0 + 2vα0 ϕ0 +O(c−2). (85)
Eq. (82) leads to the following solution for ℓαβ0 :
1
c ℓ
αβ
0 = − 32vα0 aβ0 − 12vβ0 aα0 + 23γαβ(a0ǫvǫ0) + ω˙αβ0 +O(c−2). (86)
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The quantity ℓαβ0 is an STF tensor. The expression on the right-hand side must, therefore, be also symmetric. This
can be achieved by choosing the anti-symmetric tensor ω˙αβ0 appropriately. This can be done uniquely, resulting in
ω˙αβ0 =
1
2
(
vα0 a
β
0 − vβ0 aα0
)
+O(c−2), (87)
which is the relativistic Thomas precession [20]. Using this expression yields the following solution for ℓαλ0 :
1
c ℓ
αβ
0 = −vα0 aβ0 − vβ0 aα0 + 23γαβv0ǫaǫ0 +O(c−2). (88)
Furthermore, we can use Eq. (87) in Eq. (84), leading to the solution for ℓ˙α0 in the form:
1
c ℓ˙
α
0 = −b[2]α + 12aα0
(
v0ǫv
ǫ
0
)
+ vα0 ϕ˙0 − aα0ϕ0 +O(c−2). (89)
Eqs. (85) and (89) allow us to determine qα0 . Specifically, rewriting Eq. (89) as
1
c ℓ˙
α
0 = −b[2]α + 12
(
vα0
(
v0ǫv
ǫ
0
)). − vα0 (v0ǫaǫ0)+
(
vα0 ϕ0
).
− 2aα0ϕ0 +O(c−2) (90)
and formally integrating it with respect to y0, we obtain another expression for ℓα0 :
1
c ℓ
α
0 =
1
2v
α
0
(
v0ǫv
ǫ
0
)
+ vα0 ϕ0 −
∫ (
b[2]α + vα0
(
v0ǫa
ǫ
0
)
+ 2aα0ϕ0
)
1
cdy
0 +O(c−2). (91)
Eqs. (85) and (91) can now be solved with respect to q˙α0 :
q˙α0 = − 12vα0
(
v0ǫv
ǫ
0
)− v0ǫ ωαǫ0 + vα0 ϕ0 +
∫ (
b[2]α + vα0
(
v0ǫb
[0]ǫ
)
+ 2b[0]αϕ0
)
1
cdy
0 +O(c−2), (92)
where we used Eq. (75) for aα0 . The first term in this expression is the Lorentzian factor, while the other terms
explicitly depend on the observer’s acceleration and the value of the external potential ϕ0 = ϕ0(y
0) on its world-line.
Finally, differentiating Eq. (85) with respect to time and subtracting the result from Eq. (89) (or just simply
differentiating Eq. (92) with respect to time), we obtain the following equation on q¨α0 :
q¨α0 = b
[2]α −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0
)
a0ǫ + 3a
α
0ϕ0 + v
α
0 ϕ˙0 +O(c−2). (93)
Therefore, with the knowledge of the external acceleration bα and background potential ϕ0, we can use Eqs. (92) and
(93) to completely determine the function qα0 .
The true position of a test particle includes terms to all orders, not just the first-order (Galilean) term. This led
us to introduce the vector, xα0 (y
0), defined by Eq. (4). Combining this definition with Eqs. (75) and (93), we can
now write the magnitude of the frame-reaction force (acting on the unit mass) written in the local coordinates of the
accelerated observer as it relates to the measured acceleration bα:
x¨α0 (y
0) = aα0 + c
−2q¨α0 +O(c−4) = b[0]α +
1
c2
{
b[2]α −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0
)
b[0]ǫ + 3a
α
0ϕ0 + v
α
0 ϕ˙0
}
+O(c−4)
= bǫ
{
γαǫ − 1
c2
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0
)}
+
1
c2
{
3aα0ϕ0 + v
α
0 ϕ˙0
}
+O(c−4). (94)
The equation of motion (94) establishes the correspondence between bα, the externally-induced acceleration of the
observer, and the fictitious frame-reaction acceleration x¨α0 (y
0) that is needed to keep the observer at rest in its proper
reference frame. This frame-reaction force balances the effect of the external inertial force acting on the observer.
D. Summary of results for the direct transformations
We sought general post-Galilean transformations between the Minkowski frame {xk} and the dynamically non-
rotating coordinates {yk} of a proper reference frame of an accelerated observer. We did that representing such a
coordinate transformation in the most general form:
x0 = y0 + c−2K(y0, yǫ) + c−4L(y0, yǫ) +O(c−6), (95)
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xα = yα + zα0 (y
0) + c−2Qα(y0, yǫ) +O(c−4). (96)
To determine the unknown functions K, L, and Qα, we used the following approach: i) we imposed the harmonic
gauge conditions on the accelerated Minkowski metric, the metric tensor in the local accelerating frame; ii) we ensured
that the accelerating frame is non-rotating and the chosen coordinates are spatially isotropic; iii) we introduced an
accelerating observer at rest with respect to its proper accelerating frame; iv) we cast the combination of all forces
acting on the accelerating observer in the form of a fictitious metric that includes the external and frame-reaction
potentials; v) we imposed the harmonic gauge on the fictitious metric; vi) we required that a co-moving test particle’s
ordinary three-dimensional linear momentum be conserved on the world-line occupied by the accelerating frame.
Together, these conditions were sufficient to determine K, L and Qα unambiguously:
K(y) =
∫ y0
y0
0
(
ϕ0 − 12v0ǫvǫ0
)
dy′0 − c(v0ǫyǫ) +O(c−4), (97)
L(y) = −
∫ y0
y0
0
(
v0ǫq˙
ǫ
0 +
1
8 (v0ǫv
ǫ
0)
2 − 12 (v0ǫvǫ0)ϕ0 − 12ϕ20
)
dy′0 − c
(
q˙0ǫ + v
λ
0 ω0ǫλ − 2v0ǫϕ0
)
yǫ −
− 12c
(
a0ǫv0λ + a0λv0ǫ − γǫλa0µvµ0 + 13γǫλϕ˙0
)
yǫyλ + 110c(a˙0ǫy
ǫ)(yνy
ν) + δℓ(y) +O(c−2), (98)
Qα(y) = qα0 −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0 + γ
αǫϕ0
)
yǫ + a0ǫ
(
yαyǫ − 12γαǫyλyλ
)
+O(c−2), (99)
with the anti-symmetric relativistic precession matrix ωαλ0 given by Eq. (87), and the post-Newtonian component of
the spatial coordinate in the local frame, qα0 , given by Eq. (93).
Substituting these solutions for the functions K, L, and Qα into the expressions for the inertial frame-reaction
potentials u and uα given by Eqs. (25)–(26), we find the following form for these potentials:
u(y) = (aǫy
ǫ)− ϕ0 + 1
c2
{
1
2
(
3yǫyλ − γǫλyµyµ
)
a0ǫa0λ − 110 (a¨0ǫyǫ)(yµyµ) + 16 ϕ¨0(yµyµ)− ∂0δℓ
}
+O(c−4), (100)
uα(y) = − 110
(
3yαyǫ − γαǫyµyµ
)
a˙0ǫ +
1
3 ϕ˙0y
α − ∂α 14cδℓ+O(c−2), (101)
where aα denotes the frame-reaction acceleration which is equal to the measured external acceleration bα given by
Eq. (57) or aα(y0) ≡ bα(y0) = b[0]α+ c−2b[2]α+O(c−4). Substituting these expressions for the inertial potentials into
Eqs. (22)–(24) leads to the following form of the accelerated Minkowski metric of the arbitrarily moving observer:
η00(y) = 1− 2
c2
{
(aǫy
ǫ)− ϕ0
}
+
2
c4
{(
(a0ǫy
ǫ)− ϕ0
)2 − 12
(
3yǫyλ − γǫλyµyµ
)
a0ǫa0λ −
+ 110 (a¨0ǫy
ǫ)(yµy
µ)− 16 ϕ¨0(yµyµ) + ∂0δℓ
}
+O(c−6), (102)
η0α(y) = γαλ
4
c3
{
1
10
(
3yλyǫ − γλǫyµyµ
)
a˙0ǫ − 13 ϕ˙0yλ
}
+
1
c4
∂αδℓ+O(c−5), (103)
ηαβ(y) = γαβ + γαβ
2
c2
{
(a0ǫy
ǫ)− ϕ0
}
+O(c−4). (104)
All terms in this metric are determined except for the function δℓ, which remains unknown. We note that the potentials
Eqs. (100)–(101) depend on the partial derivatives of δℓ. The same partial derivatives appear in the temporal and
mixed components of the metric (102)–(103). The presence of these terms in the metric amounts to adding a full time
derivative to the Lagrangian that describes the system of the moving observer. Indeed, separating in the Lagrangian
constructed from Eqs. (102)–(104) the terms that depend on δℓ, we have:
δLδℓ =
2
c4
{∂δℓ
∂y0
+
vǫ
c
∂δℓ
∂yǫ
}
+O(c−6) = 2
c4
dδℓ
dy0
+O(c−6). (105)
As a result, the remainder of the gauge transformation depending on δℓ will not change the dynamics in the system
and, thus, it can be omitted. After some re-arranging, the frame-reaction potentials u and uα take the form:
u(y) = (aǫy
ǫ)− ϕ0 + 1
c2
{
1
2
(
3a0ǫa0λ − γǫλa0µaµ0 + 13γǫλϕ¨0
)
yǫyλ − 110 (a¨0ǫyǫ)(yµyµ)
}
+O(c−4), (106)
uα(y) = − 110
(
3yαyǫ − γαǫyµyµ
)
a˙0ǫ +
1
3 ϕ˙0y
α +O(c−2).
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We can now present the metric of the moving the observer in the following final form:
η00(y) = 1− 2
c2
{
(aǫy
ǫ)− ϕ0
}
+
2
c4
{(
(a0ǫy
ǫ)− ϕ0
)2 −
− 12
(
3a0ǫa0λ − γǫλa0µaµ0 + 13γǫλϕ¨0
)
yǫyλ + 110 (a¨0ǫy
ǫ)(yµy
µ)
}
+O(c−6), (108)
η0α(y) = γαλ
4
c3
{
1
10
(
3yλyǫ − γλǫyµyµ
)
a˙0ǫ − 13 ϕ˙0yλ
}
+O(c−5), (109)
ηαβ(y) = γαβ + γαβ
2
c2
{
(a0ǫy
ǫ)− ϕ0
}
+O(c−4). (110)
The coordinate transformations that place the observer into this reference frame are given below:
x0 = y0 + c−2
{∫ y0
y0
0
(
ϕ0 − 12 (v0ǫ + c−2q˙0ǫ)(vǫ0 + c−2q˙ǫ0) + c−2
(
1
2ϕ
2
0 +
1
2 (v0ǫv
ǫ
0)ϕ0 − 18 (v0ǫvǫ0)2
))
dy′0 +
− c
(
vǫ0 + c
−2q˙ǫ0
)(
γǫλ − c−2
(
ω0ǫλ + 2γǫλϕ0
))
yλ
}
−
− c−4
{
1
2c
(
a0ǫv0λ + a0λv0ǫ − γǫλa0µvµ0 + 13γǫλϕ˙0
)
yǫyλ − 110c(a˙0ǫyǫ)(yνyν)
}
+O(c−6), (111)
xα = yα + zα0 + c
−2
{
qα0 −
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0 + γ
αǫϕ0
)
yǫ + a0ǫ
(
yαyǫ − 12γαǫyλyλ
)}
+O(c−4). (112)
The presence of ϕ0 in the metric tensor (108)–(110) and coordinate transformations (111)–(112) is quite interesting.
It shows that in the case of a time-varying background potential ϕ0(y
0) and no external acceleration, the metric tensor
of the corresponding space-time differs from the Minkowski metric. Furthermore, the new space-like coordinates are
scaled by ϕ0 and the time-like ones are stretched by both ϕ0 and ϕ˙0. The result may be intuitive, but was not
available previously. One can verify that in the case of uniform constant velocity motion (aα0 = 0) and in the absence
of the external background potential (ϕ0 = 0), the metric given by Eqs. (108)–(110) reduces to the Minkowski metric,
ηmn = γmn. Also, according to Eq. (92) and setting ϕ0 = 0, the function q˙
α
0 becomes q˙
α
0 = − 12vα0
(
v0ǫv
ǫ
0
)
+ O(c−2),
and the transformations Eqs. (111)–(112) above reduce to the Lorentz transformations.
The expressions (108)–(110) represent the harmonic metric tensor in the local coordinates of the accelerating ref-
erence frame. This metric and the transformations (111)–(112) are new and extend previous formulations obtained
with different methods. We were able to derive for the first time an explicit form of the metric tensor corresponding
to the space-time of an accelerated observer under harmonic gauge conditions and corresponding coordinate transfor-
mations. These results may be verified in laboratory conditions, for instance, those involving high-energy accelerators
or precision physical measurements. The formulation can be used to develop models for high precision experiments
(for example, those discussed in [1, 2, 21–23]) where one would needed to relate various observable quantities that are
critical for experimental success. However, for a complete description of these experiments we would need to establish
the inverse coordinate transformations – the task that will be performed in the next section.
V. INVERSE TRANSFORMATIONS
In the preceding sections, we constructed an explicit form of the direct transformation between inertial and acceler-
ating reference frames by applying the harmonic gauge and dynamical conditions on the metric. Given the Jacobian
matrix (7)–(8), it was most convenient to work with the covariant form of the metric tensor, which could be expressed
in terms of the accelerating coordinates by trivial application of the tensor transformation rules (10).
The same logic suggests that if we were to work on the inverse transformation: that is, when it is the inverse
Jacobian matrix ∂ym/∂xn that is given in explicit form, it is more convenient to work with the contravariant form of
the metric tensor, to which this Jacobian can be applied readily. This simple observation leads us to the idea that we
can get the inverse transformations—i.e., from the accelerated to the inertial frame—by simply repeating the previous
calculations, but with the contravariant form of the metric tensor instead of the covariant form.
In this section, we show that this is indeed feasible, and accomplish something not usually found in the litera-
ture: construction of a method that can be applied for both direct and inverse transformations between inertial and
accelerating reference frames at the same time, in a self-consistent manner.
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A. General form of the post-Galilean coordinate transformations
We write the inverse of the general post-Galilean transformations (2)–(3) between the dynamically non-rotating
coordinates of accelerating {ym} and those of inertial {xm} reference frames in the following form:
y0 = x0 + c−2Kˆ(x0, xǫ) + c−4Lˆ(x0, xǫ) +O(c−6), (113)
yα = xα − zα0 (x0) + c−2Qˆα(x0, xǫ) +O(c−4), (114)
where zµ0 (x
0) is the Galilean vector connecting the spatial origins of the frames, expressed as a function of global time,
x0. Our objective is to determine the functions Kˆ, Lˆ and Qˆα in explicit form.
We can verify that, in order for Eqs. (113)–(114) to be inverse to Eqs. (2)–(3), the “hatted” functions (Kˆ, Lˆ, Qˆα)
must relate to the original set of (K,L,Qα) via the following expressions:
Kˆ(x) = −K(x0, rǫ) +O(c−4), (115)
Lˆ(x) = ∂0K(x0, rǫ) · K(x0, rǫ) + ∂λK(x0, rǫ) · Qλ(x0, rǫ)− L(x0, rǫ) +O(c−2), (116)
Qˆα(x) = (vα0 /c)K(x0, rǫ)−Qα(x0, rǫ) +O(c−2), (117)
with rǫ = xǫ − xǫ0, where xµ0 (x0) is the post-Galilean vector between the origins of two non-rotating frames expressed
as a function of the global time-like coordinate x0 (as opposed to Eq. (4), which is given in local time y0) defined as
xµ0 = z
µ
0 − c−2Qˆµ(x0, 0) +O(c−4), (118)
and also, vα0 = z˙
α
0 , ∂0 = ∂/∂x
0 and ∂λ = ∂/∂x
λ, and x ≡ (x0, xǫ).
The inverse of the Jacobian matrix (7)–(8), ∂yn/∂xm, can be obtained directly from (113)–(114):
∂y0
∂x0
= 1 + c−2
∂Kˆ
∂x0
+ c−4
∂Lˆ
∂x0
+O(c−6), ∂y
0
∂xµ
= c−2
∂Kˆ
∂xµ
+ c−4
∂Lˆ
∂xµ
+O(c−5), (119)
∂yν
∂x0
= −v
ν
0
c
+ c−2
∂Qˆν
∂x0
+O(c−5), ∂y
ν
∂xµ
= δνµ + c
−2 ∂Qˆν
∂xµ
+O(c−4). (120)
We note that this Jacobian matrix is composed of the quantities ∂ym/∂xk that are clearly functions of {xk}.
Using the Jacobian matrix and standard tensor transformation rules, we can express the relationship between the
contravariant Minkowski tensor and the contravariant metric of the accelerating frame in the form
ηmn(y) =
∂ym
∂xk
∂yn
∂xl
γkl(x(y)) or ηmn(y(x)) =
∂ym
∂xk
∂yn
∂xl
γkl(x). (121)
We denote ηˆmn(x) = ηmn(y(x)) and, taking the somewhat unusual step of using the contravariant tensor transfor-
mation rule (121) together with Eqs. (119)–(120), we obtain explicit expressions for the contravariant components of
the accelerated Minkowski metric ηˆmn(x), expressed as functions of the global coordinates {xk}:
ηˆ00(x) = 1 +
2
c2
{ ∂Kˆ
∂x0
+ 12γ
ǫλ 1
c
∂Kˆ
∂xǫ
1
c
∂Kˆ
∂xλ
}
+
2
c4
{ ∂Lˆ
∂x0
+ γǫλ
1
c
∂Kˆ
∂xǫ
1
c
∂Lˆ
∂xλ
+ 12
( ∂Kˆ
∂x0
)2}
+O(c−6), (122)
ηˆ0α(x) =
1
c
{
γαǫ
1
c
∂Kˆ
∂xǫ
− vα0
}
+
1
c3
{
γαǫ
1
c
∂Lˆ
∂xǫ
+ c
∂Qˆα
∂x0
+ γǫλ
1
c
∂Kˆ
∂xǫ
∂Qˆα
∂xλ
− vα0
∂Kˆ
∂x0
}
+O(c−5), (123)
ηˆαβ(x) = γαβ +
1
c2
{
vα0 v
β
0 + γ
αλ ∂Qˆβ
∂xλ
+ γβλ
∂Qˆα
∂xλ
}
+O(c−4). (124)
As in the case of the direct transformation, we impose the harmonic gauge condition on the metric, to help us
establish explicit forms of the transformation functions Kˆ, Lˆ, and Qˆα.
B. Imposing the harmonic gauge condition
Similarly to the case of direct coordinate transformations, we will use the harmonic gauge conditions. In analogy
with the derivation of Eqs. (22)–(24), we derive the contravariant metric ηˆmn:
ηˆ00(x) = 1 +
2
c2
uˆ(x) +
2
c4
uˆ2(x) +O(c−6), (125)
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ηˆ0α(x) =
4
c3
uˆα(x) +O(c−5), (126)
ηˆαβ(x) = γαβ − γαβ 2
c2
uˆ(x) +O(c−4), (127)
where the inertial scalar uˆ(x) and vector uˆα(x) potentials are now expressed via the “hatted” transformation functions:
uˆ(x) =
∂Kˆ
∂x0
+ 12v0ǫv
ǫ
0 +
1
c2
{ ∂Lˆ
∂x0
+
vǫ0
c
∂Lˆ
∂xǫ
+ 12
( ∂Kˆ
∂x0
)2
−
( ∂Kˆ
∂x0
+ 12v0ǫv
ǫ
0
)2}
+O(c−4), (128)
uˆα(x) = 14
{
γαǫ
1
c
∂Lˆ
∂xǫ
+ c
∂Qˆα
∂x0
+ vǫ0
∂Qˆα
∂xǫ
− vα0
∂Kˆ
∂x0
}
+O(c−2). (129)
One can verify that these two potentials satisfy the following continuity equation in global coordinates {xm}:
(c∂0 + v
ǫ
0∂ǫ)uˆ+ ∂ǫuˆ
ǫ = O(c−2). (130)
In addition, by a direct calculation with the help of Eqs. (135)–(137) and (132)–(133), one can verify that these
potentials also satisfy the harmonic equations:
xuˆ = O(c−4), ∆xuˆα = O(c−2), (131)
where x = γ
mn∂m∂n and ∆x = γ
ǫλ∂ǫ∂λ are the d’Alembertian and Laplacian, correspondingly, with respect to
{xm}. As before, we refer to the metric tensor expressed in terms of uˆ and uˆα as the harmonic metric tensor.
Although the expressions for the scalar inertial potentials have different functional dependence on the transformation
functions (i.e., (K,L,Qα) vs. (Kˆ, Lˆ, Qˆα)), it is clear that the expressions for u(y) and uˆ(x), given by Eqs. (25) and
(128), represent the same quantity that is being expressed in terms different coordinates: local {ym} and global {xm},
so that uˆ(x) = u(y(x)). The same is true for the inertial vector potentials uα(y) and uˆα(x), given by Eqs. (26) and
(129), for which the following relation holds uˆα(x) = uα(y(x)).
C. The form of the functions of the harmonic coordinate transformations
In addition to the constraints provided by Eqs. (19) and (21) on the form of the metric tensor in a moving frame,
we can once again derive two additional equations on Kˆ and Qˆα. From Eqs. (19) and (21) and Eqs. (122)–(124), we
find that these two functions must also satisfy two first order partial differential equations:
γαǫ
1
c
∂Kˆ
∂xǫ
− vα0 = O(c−4), (132)
vα0 v
β
0 + γ
αλ ∂Qˆβ
∂xλ
+ γβλ
∂Qˆα
∂xλ
+ 2γαβ
( ∂Kˆ
∂x0
+ 12γ
ǫλ 1
c
∂Kˆ
∂xǫ
1
c
∂Kˆ
∂xλ
)
= O(c−2). (133)
In analogy with the derivation of Eq. (15) given in Sec. III B, we now use the harmonic gauge given by the equation:
γy
m = 0, (134)
where γ denotes the covariant d’Alembertian with respect to the metric of the inertial frame γmn(x), acting on
ym(x). Substituting the coordinate transformations (113)–(114) into this equation, we can see that the harmonic
gauge conditions restrict the coordinate transformation functions Kˆ, Lˆ and Qˆα only to those that satisfy the following
set of second order partial differential equations:
γǫλ
∂2Kˆ
∂xǫ∂xλ
= O(c−4), (135)
c2
∂2Kˆ
∂x02
+ γǫλ
∂2Lˆ
∂xǫ∂xλ
= O(c−2), (136)
− aα0 + γǫλ
∂2Qˆα
∂xǫ∂xλ
= O(c−2). (137)
The two sets of partial differential equations on Kˆ, Lˆ and Qˆα given by Eqs. (132)–(133) and (135)–(137) can be used
to determine the general structure of these functions. In strict analogy with Eqs. (36), (47) and (54), we can derive
the following form for the functions Kˆ, Lˆ and Qˆα:
Kˆ(x) = κˆ0 + c(v0µrµ) +O(c−4), (138)
17
Lˆ(x) = ℓˆ0 + ℓˆ0λ rλ + 12 ℓˆ0λµ rλrµ + 13c
(
v0ǫa
ǫ
0
)
(rνr
ν)− 110c(a˙0ǫrǫ)(rνrν)−
− 16c2
∂
∂x0
(∂κˆ0
∂x0
− 12v0ǫvǫ0
)
(rνr
ν) + δℓˆ(x) +O(c−2), (139)
Qˆα(x) = −qˆα0 −
(
1
2v
α
0 v
ǫ
0 + ωˆ
αǫ
0 + γ
αǫ
(∂κˆ0
∂x0
− 12v0λvλ0
))
rǫ − a0ǫ
(
rαrǫ − 12γαǫrλrλ
)
+O(c−2), (140)
where rα is defined by
rα = xα − xα0 , xα0 = zα0 + c−2qˆα0 +O(c−4), (141)
and xα0 (x
0) is the vector that connects the origins of the two reference frames, complete to O(c−4) and expressed as a
function of the global time-like coordinate x0, given by Eq. (118). We can see that κˆ0, qˆ
α
0 , ωˆ
αǫ
0 , ℓˆ0, ℓˆ0λ, ℓˆ0λµ and δℓˆ(x)
cannot be determined from the gauge conditions alone. Similarly to the case of direct transformations, we need to
apply another set of conditions that would fix the reference frame of a moving observer, which we discuss next.
D. Finding the form of the coordinate transformation functions
In the case of the metric tensor given by the expressions Eqs. (125)–(127), the approach discussed in Sec. IVA and
IVB that yielded the conditions Eqs. (68)–(69), similarly leads to the following set of equations:
lim
|r|→0
uˆ(x) = −ϕˆ0 +O(c−4), lim
|r|→0
∂β uˆ(x) = bˆβ +O(c−4), (142)
lim
|r|→0
uˆα(x) = O(c−2), lim
|r|→0
∂β uˆ
α(x) = 13δ
α
β
˙ˆϕ0 +O(c−2), (143)
where, similarly to Eq. (57), ϕˆ0(x
0) = ϕ0
(
x0+c−2κˆ0+O(c−4)
)
is the background potential at the observer’s world-line
(where we used y0(x0) = x0+c−2κˆ0(x
0)+O(c−4), valid on the world-line) and the measured acceleration bˆα is related
to the coordinate acceleration x¨α0 , given by Eq. (94), as bˆ
α(x0) =
(
1− 2ϕ0/c2+O(c−4)
)
x¨α0
(
y0(x0)
)
, so that bˆα relates
to bα as
bˆα(x0) = bǫ
(
x0 + c−2κˆ0 +O(c−4)
){
γαǫ − 1
c2
(
1
2v
α
0 v
ǫ
0 + ω
αǫ
0 − γαǫϕ0
)}
+
1
c2
vα0 ϕ˙0 +O(c−4). (144)
Imposing the conditions Eqs. (142)–(143) on the potentials uˆ and uˆα given by Eqs. (125)–(127) results in a set of
partial differential equations set on the world-line of the accelerated observer. These equations can used to determine
the coordinate transformation functions entering Eqs. (138)–(140) which were found to be:
κˆ0 = −
∫ x0
x0
0
(
ϕˆ0 − 12v0ǫvǫ0 − c−2v0ǫ ˙ˆqǫ0
)
dx′0 +O(c−4), (145)
aα0 = b
[0]α +O(c−4). (146)
In addition, the use of Eqs. (142)–(143) yields the following solutions for the functions ℓˆ0,
˙ˆ
ℓα0 , ℓˆ
α
0 , and ℓˆ
αλ
0 :
1
c
˙ˆ
ℓ0 = − 18 (v0ǫvǫ0)2 − 12 (v0ǫvǫ0)ϕˆ0 + 12 ϕˆ20 +O(c−2), (147)
1
c
˙ˆ
ℓα0 = bˆ
[2]α +
(
1
2 (v0ǫv
ǫ
0)− ϕˆ0
)
aα0 +O(c−2), (148)
1
c ℓˆ
α
0 =
˙ˆq
α
0 − 12vα0
(
v0ǫv
ǫ
0
)− vα0 ϕˆ0 +O(c−2), (149)
1
c ℓˆ
αβ
0 = v
α
0 a
β
0 + v
β
0 a
α
0 − 23γαβv0ǫaǫ0 +O(c−2). (150)
Using the same argument concerning the symmetry properties of ℓˆαβ0 that led to Eq. (87), we find the following unique
choice for the anti-symmetric matrix ˙ˆω
αβ
0 representing the Thomas precession:
˙ˆωαβ0 = −ω˙αβ0 = − 12
(
vα0 a
β
0 − vβ0 aα0
)
+O(c−2). (151)
Finally, Eqs. (150) and (89) allow us to determine the equation for qˆα0 . Indeed, differentiating Eq. (150) with respect
to time and subtracting the result from Eq. (149), we obtain:
¨ˆqα0 = bˆ
[2]α +
(
vα0 a
ǫ
0 + a
α
0 v
ǫ
0
)
v0ǫ + v
α
0
˙ˆϕ0 +O(c−2). (152)
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By combining (146) and (152), we obtain the equations of motion of the accelerated observer with respect to {xm}:
x¨α0 (x
0) = aα0 + c
−2 ¨ˆqα0 +O(c−4) = b[0]α +
1
c2
{
bˆ[2]α +
(
vα0 a
ǫ
0 + a
α
0 v
ǫ
0
)
v0ǫ + v
α
0
˙ˆϕ0
}
+O(c−4)
= bˆǫ
{
γαǫ +
1
c2
(
vα0 v
ǫ
0 + γ
αǫv0µv
µ
0
)}
+
1
c2
vα0
˙ˆϕ0 +O(c−4). (153)
The equation of motion (153) establish the correspondence between the external force acting on the test particle,
bˆα, and the resulting acceleration of the moving frame x¨α0 (x
0) as measured by the inertial observer.
E. Summary of results for the inverse transformation
The coordinate transformations between the global coordinates of the inertial frame and the local coordinates
introduced in the proper reference frame of an accelerating observer have the following form
y0 = x0 + c−2Kˆ(x0, xǫ) + c−4Lˆ(x0, xǫ) +O(c−6), (154)
yα = xα − zα0 (x0) + c−2Qˆα(x0, xǫ) +O(c−4), (155)
with the transformation functions Kˆ, Lˆ and Qˆα given by
Kˆ(x) = −
∫ x0
x0
0
(
ϕˆ0 − 12v0ǫvǫ0 − c−2v0ǫ ˙ˆqǫ0
)
dx′0 + c(v0ǫr
ǫ) +O(c−4), (156)
Lˆ(x) =
∫ x0
x0
0
(
− 18
(
v0ǫv
ǫ
0
)2 − 12 (v0ǫvǫ0)ϕˆ0 + 12 ϕˆ20
)
dx′0 + c
(
˙ˆq0λ − 12v0λ(v0ǫvǫ0)− v0λϕˆ0
)
rλ +
+ 12c(v0ǫa0λ + v0λa0ǫ +
1
3γǫλ
˙ˆϕ0)r
ǫrλ − 110c(a˙0ǫrǫ)(rνrν) + δℓˆ(x) +O(c−2), (157)
Qˆα(x) = −qˆα0 −
(
1
2v
α
0 v
ǫ
0 + ωˆ
αǫ
0 − γαǫϕˆ0
)
rǫ − a0ǫ
(
rαrǫ − 12γαǫrλrλ
)
+O(c−2), (158)
where rα = xα−xα0 is given by Eq. (141), the anti-symmetric relativistic precession matrix ωˆαλ0 is given by Eq. (151),
and the post-Newtonian component of the spatial coordinate origin of the local frame, qˆα0 is given by Eq. (152).
Substituting these solutions for the functions Kˆ, Lˆ and Qˆα into the expressions for the inertial potentials u and uα
given by Eqs. (128)–(129), we find the following form for these potentials:
uˆ(x) = (aˆǫr
ǫ)− ϕˆ0 + 1
c2
{
1
2
(
a˙0ǫv0λ + v0ǫa˙0λ + a0ǫa0λ +
1
3γǫλ
¨ˆϕ0
)
rǫrλ − 110 (a¨0ǫrǫ)(rµrµ)
}
+
+(c∂0 + v
ǫ
0∂ǫ)
1
c δℓˆ+O(c−4), (159)
uˆα(x) = − 110
{
3rαrǫ − γαǫrµrµ
}
a˙0ǫ +
1
3
˙ˆϕ0r
α + ∂α 14cδℓˆ+O(c−2), (160)
where aˆα denotes the frame-reaction acceleration, which is equal to the external acceleration bˆα given by Eq. (144)
and measured in the global frame; i.e., aˆα(x0) ≡ bˆα(x0) = b[0]α + c−2bˆ[2]α +O(c−4).
The same argument that allowed us to eliminate δℓ in Sec. IVD works here, allowing us to omit δℓˆ. Therefore,
we can now present the metric of the moving observer expressed in the global coordinates {xn}. Substituting the
expressions for the inertial potentials given by (159) and (160) into Eqs. (125)–(127), and omitting δℓ, we have:
ηˆ00(x) = 1 +
2
c2
{
(aˆǫr
ǫ)− ϕˆ0
}
+
2
c4
{(
(a0ǫr
ǫ)− ϕˆ0
)2
+
+ 12
(
a˙0ǫv0λ + v0ǫa˙0λ + a0ǫa0λ +
1
3γǫλ
¨ˆϕ0
)
rǫrλ − 110 (a¨0ǫrǫ)(rµrµ)
}
+O(c−6), (161)
ηˆ0α(x) = − 4
c3
{
1
10
(
3rαrǫ − γαǫrµrµ
)
a˙0ǫ − 13 ˙ˆϕ0rα
}
+O(c−5), (162)
ηˆαβ(x) = γαβ − γαβ 2
c2
{
(a0ǫr
ǫ)− ϕˆ0
}
+O(c−4). (163)
The coordinate transformations that put the observer in this reference frame are given by:
y0 = x0 + c−2
{
−
∫ x0
x0
0
(
ϕˆ0 − 12 (v0ǫ + c−2 ˙ˆq0ǫ)(vǫ0 + c−2 ˙ˆqǫ0) + c−2
{
1
8 (v0ǫv
ǫ
0)
2 + 12 (v0ǫv
ǫ
0)ϕˆ0 − 12 ϕˆ20
})
dx′0 +
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+ c
(
1− c−2( 12 (v0µvµ0 ) + ϕˆ0
))(
v0ǫ + c
−2 ˙ˆq0ǫ
)
rǫ
}
+
+ c−4
{
1
2c
(
v0ǫa0λ + a0ǫv0λ +
1
3γǫλ
˙ˆϕ0
)
rǫrλ − 110 c(a˙0ǫrǫ)(rνrν)
}
+O(c−6), (164)
yα = rα − c−2
{(
1
2v
α
0 v
ǫ
0 + ωˆ
αǫ
0 − γαǫϕˆ0
)
rǫ + a0ǫ
(
rαrǫ − 12γαǫrλrλ
)}
+O(c−4), (165)
where rα = xα−xα0 (t), as defined by Eq. (141). Eq. (117) suggests that qˆα0 = qα0 −(vα0 /c)
∫
(ϕ0− 12v0ǫvǫ0)dy′0+O(c−2),
which, after accounting for Eq. (92), in the case of constant velocity motion and the absence of the background external
potential ϕˆ0 = 0, results in ˙ˆq
α
0 = O(c−2). Consequently, in this case the metric given by Eqs. (161)–(163) reduces
to the Minkowski metric, ηmn = γmn, and the transformations above reduce to the Lorentz transformations between
the coordinates of the accelerated (y0, yα) and inertial (x0, xα) reference frames:
y0 =
(
1 + c−2 12 (v0ǫv
ǫ
0)− c−4 18 (v0ǫvǫ0)2
)
x0 +
(
1− c−2 12v0ǫvǫ0
)
c−1(vλ0 r
ǫ) +O(c−6), (166)
yα =
(
δαǫ − c−2 12vα0 v0ǫ
)
rǫ +O(c−4). (167)
If we now write xα0 (t) = v
α
0 c
−1x0, we obtain expressions identical to Eqs. (5)–(6), demonstrating correspondence of
our results to those established previously using different techniques.
This set of results concludes our derivation of the coordinate transformations from local coordinates of an accelerated
reference frame to the global coordinates introduced in the inertial frame.
VI. DISCUSSION AND CONCLUSIONS
In this paper we introduced a new approach to construct coordinate transformations between inertial and accel-
erating reference frames. Our objective was to establish properties of a frame associated with a given accelerating
world-line and to find the metric tensor corresponding to this frame; we achieved this goal by imposing a set of clearly
defined coordinate and physical conditions. Specifically, we combined the use of the harmonic gauge and physical
insight based on the dynamical properties of the proper reference frame of an accelerating observer. This way, we were
able to find a unique non-rotating, accelerating coordinate system that corresponds to a given accelerating world-line.
We derived an explicit form of the coordinate transformation between the inertial and accelerating reference frames
to the first post-Galilean order. The transformations remain valid so long as v ≪ c. In addition to the direct trans-
formation, which allows us to express the coordinates {xm} of the inertial reference frame in terms of the accelerating
coordinates {ym}, we also developed the inverse coordinate transformations in explicit form.
The metric associated with the proper reference frame of an accelerated observer has been studied by many re-
searchers (see for instance, [3–5, 24]). It was found that when only the acceleration aα0 of the reference frame is taken
into account, the corresponding metric in local non-rotating coordinates {y′m} ≡ (y′0, y′α) takes the form [3, 25]:
ηS00(y
′) =
(
1 +
1
c2
(a0ǫy
′ǫ)
)2
, ηS0α(y
′) = 0, ηSαβ(y
′) = γαβ . (168)
To establish the correspondence of the newly found metric ηmn(y) of an accelerated observer in harmonic coordinates
of its proper reference frame Eqs. (108)–(110) to the metric ηSmn(y
′) given in the form of Eq. (168) we can use the
same approach employing the functional KLQ-parameterization. To do this, first of all, we note that in the absence
of the external potential (ϕ0 = 0) the metric Eqs. (108)–(110) reduces to:
η00(y) = 1− 2
c2
(aǫy
ǫ) +
2
c4
{
1
2
(
γǫλa0µa
µ
0 − a0ǫa0λ
)
yǫyλ + 110 (a¨0ǫy
ǫ)(yµy
µ)
}
+O(c−6), (169)
η0α(y) = γαλ
4
c3
{
1
10
(
3yλyǫ − γλǫyµyµ
)
a˙0ǫ
}
+O(c−5), (170)
ηαβ(y) = γαβ + γαβ
2
c2
(a0ǫy
ǫ) +O(c−4). (171)
Then, in analogy to Eqs. (2)–(3) we can introduce coordinate transformations ym = fm(y′k), which would depend
on a set of to-be-determined functions of K′,L′, and Q′α. Matching the two metric tensors via the usual tensor
transformation rule ηmn(y) = (∂y
′k/∂ym)(∂y′l/∂yn)ηSkl(y
′) yields unique solutions for these functions. As a result, we
can obtain the following coordinate transformation that transforms the well-known metric of an accelerated observer
in coordinates (168) to the new harmonic accelerated metric given by Eqs. (169)–(171):
y′0 = y0 + c−4
{
c 110 (a˙0ǫy
ǫ)(yλy
λ)
}
, y′α = yα + c−2
{
a0ǫ(y
αyǫ − 12γαǫyλyλ)
}
. (172)
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Note that the inverse transformations are obtained simply by replacing (y′0, y′α) with (y0, yα) and the acceleration aα0
with −aα0 . This establishes correspondence between our results reported in [3–5, 24] that were previously derived under
different gauge conditions and using different techniques for constricting the proper reference frame of an accelerated
observer. The resulting metric (169)–(171) can be used to study physical phenomena in this frame.
The new results reported in this paper find a good correspondence with the results previously obtained by other
researchers who also used the harmonic gauge conditions. Thus, the coordinate transformations that we derived in
the context of a flat space-time find their exact correspondence with the results established in the presence of gravity
for both direct and inverse coordinate transformations given in [7–10] and [6, 11–13] correspondingly. However, our
approach allows one to consistently and within the same framework develop both direct and inverse transformations,
corresponding equations of motion, and explicit forms of the metric tensors in the various reference frames involved.
The difficulty of this task was mentioned in [15] when the post-Newtonian motion of a gravitational N -body system
was considered; our proposed formulation successfully resolves this important issue. As an added benefit, the new
approach provides one with a good justification to eliminate the functions δκ, δξ and δℓ yielding a complete form for
the transformation functions K, L and Qα involved in the transformations (as well as their “hatted” counterparts).
The significance of our result is that for the first time, a formalism for the coordinate transformation between inertial
and accelerating reference frames is provided, presenting both the direct and inverse transformations in explicit form.
By combining inverse and direct transformations, the transformation rules between arbitrary accelerating frames
can be obtained. Furthermore, it is possible to combine direct (or inverse) transformations, and obtain another
transformation that can be represented by our formalism, as shown explicitly in [17]. This leads to an approximate
finite group structure that extends the Poincare´ group of transformations to accelerating reference frames.
The results obtained in this paper provide a clear framework to describe observables, field transformations, and
corresponding equations of motion that are needed to describe modern-day high-precision experiments. Specifically,
the new approach is designed to facilitate the analysis of relativistic phenomena where effects of acceleration may be
significant. We should note that the approach we presented can be used in an iterative manner: if greater accuracy
is desired, the coordinate transformations (2)–(3) can be expanded to include higher-order terms. Furthermore, the
same approach relying on the functional KLQ-parameterization may be successfully applied to the case of describing
the gravitational dynamics of an astronomical N -body system and dynamically-rotating reference frames. This work
has begun and the results, when available, will be reported elsewhere.
Acknowledgments
We thank Sami W. Asmar, Curt J. Cutler, William M. Folkner, Michael M. Watkins, and James G. Williams of
JPL for their interest and support during the work and preparation of this manuscript. We also thank Sergei M.
Kopeikin for his insightful comments and suggestions. This work was performed at the Jet Propulsion Laboratory,
California Institute of Technology, under a contract with the National Aeronautics and Space Administration.
[1] S. G. Turyshev, Usp.Fiz.Nauk 179, 3 (2009), [Physics–Uspekhi 52(1) 1-27 (2009)], arXiv:0809.3730.
[2] S. G. Turyshev, U. E. Israelsson, M. Shao, N. Yu, A. Kusenko, et al., Int.J.Mod.Phys. D16, 1879 (2008), arXiv:0711.0150.
[3] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (W. H. Freeman and Co., 1973).
[4] W.-T. Ni, Chinese Journal of Physics 15, 51 (1977).
[5] W.-T. Ni and M. Zimmermann, Phys. Rev. D 17, 1473 (1978).
[6] V. A. Brumberg and S. M. Kopeikin, in Reference Frames, edited by J. Kovalevsky, I. I. Mueller, & B. Kolaczek (1989),
vol. 154 of Astrophysics and Space Science Library, pp. 115–141.
[7] T. Damour, M. Soffel, and C. Xu, Phys. Rev. D 43, 3273 (1991).
[8] T. Damour, M. Soffel, and C. Xu, Phys. Rev. D 45, 1017 (1992).
[9] T. Damour, M. Soffel, and C. Xu, Phys. Rev. D 47, 3124 (1993).
[10] T. Damour, M. Soffel, and C. Xu, Phys. Rev. D 49, 618 (1994).
[11] S. M. Kopeikin, Celestial Mechanics 44, 87 (1988).
[12] V. A. Brumberg and S. M. Kopejkin, Nuovo Cimento B Serie 103, 63 (1989).
[13] S. M. Kopeikin and I. Vlasov, Phys.Rept. 400, 209 (2004), gr-qc/0403068.
[14] L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields. (7-th edition. Nauka: Moscow (in Russian), 1988).
[15] M. Soffel, S. A. Klioner, G. Petit, P. Wolf, S. M. Kopeikin, P. Bretagnon, V. A. Brumberg, N. Capitaine, T. Damour,
T. Fukushima, et al., Astrophys. J. 126, 2687 (2003), astro-ph/0303376.
[16] V. A. Fock, The Theory of Space, Time and Gravitation (Fizmatgiz, Moscow (in Russian), 1959), [English translation
(1959), Pergamon, Oxford].
[17] S. G. Turyshev, Tech. Rep., NASA Jet Propulsion Laboratory, Publication #96-13 (1996), arXiv:gr-qc/9606063.
21
[18] K. S. Thorne, Rev. Mod. Phys. 52, 299 (1980).
[19] S. Chandrasekhar and G. Contopoulos, Royal Society of London Proceedings Series A 298, 123 (1967).
[20] V. A. Brumberg, Essential Relativistic Celestial Mechanics (Hilger, Bristol, 1991).
[21] S. G. Turyshev, M. Shao, and J. Nordtvedt, Kenneth, Class.Quant.Grav. 21, 2773 (2004), gr-qc/0311020.
[22] M. V. Sazhin, I. Vlasov, O. Sazhina, and S. G. Turyshev, Astronomy Reports 54, 959 (2010).
[23] S. G. Turyshev, W. Farr, W. M. Folkner, A. R. Girerd, H. Hemmati, et al., Exper.Astron. 28, 209 (2010), arXiv:1003.4961.
[24] J. L. Synge, Relativity: The General Theory (North-Holland, 1960).
[25] C. Møller, The Theory of Relativity (2-nd edition. Clarendon Press, Oxford, 1972).
